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Abstract 



The bosonic 13^ ghost system has long been used in formal constructions of conformal field theory. 
It has become important in its own right in the last few years, as a building block of field theory 
' approaches to disordered systems, and as a simple representative - due in part to its underlying 

^ , su(2)_i/2 structure - of non-unitary conformal field theories. We provide in this paper the first 

complete, physical, analysis of this jS'y system, and uncover a number of striking features. We 
' show in particular that the spectrum involves an infinite number of fields with arbitrarily large 

^Nj , negative dimensions. These fields have their origin in a twisted sector of the theory, and have a direct 

' relationship with spectrally fiowed representations in the underlying sii(2)_i/2 theory. We discuss the 

' spectral flow in the context of the operator algebra and fusion rules, and provide a re-interpretation 

of the modular invariant consistent with the spectrum. 

O 

1 Introduction 

Oh! 

D . This is the first of two papers dedicated to the study of various facets of c = —1 conformal field theory 

' (CFT). Our general goal is to explore in physical terms certain non- unitary CFTs of physical importance. 

Belonging to this family of theories are the various supergroup Wess-Zumino-Wittcn (WZW) and sigma 
models used in the description of phase transitions in disordered electronic materials 0, ||, ^, |[ |^ , the 
Liouville theory which describes the conformal mode of 2D gravity j7| H, and the s^(2.]R) WZW model 
' which plays a crucial role in the study of strings on AdS^ 

A common manifestation of non-unitarity in a CFT is the presence of operators with a negative 
dimension. The simplest example of a non-unitary CFT is the minimal M2,5 or Yang-Lee model, which 
differs little from minimal unitary CFTs. In particular, the theory is rational and has a spectrum of 
dimensions bounded from below. The models we are interested in have richer structures. They may 
involve logarithms ||lo| , for example, and/or exhibit a large, possibly infinite, set of operators with 
negative dimensions. 

A great deal of effort has been made to characterize and classify abstractly such theories |l^. It 
is fair to say, however, that very few explicit examples are well understood. The case of c = —2 has given 



rise to surprisingly complicated results (see ||1^, 13 for a review), while for potentially more interesting 



physical theories (such as sigma models on superprojective spaces), partial results reveal a truly baffling 
complexity Q. 

Our goal in this paper is to discuss another example that shares many of the features of the more 
interesting models, but can still be studied in depth. It is the (3"f system, which plays a crucial role in the 
free- field representation of supergroup WZW models ||, |l^, for example. The system is a deceptively 



1 



simple, "free" theory, with action 

^ = ^ y {lLdf3L - hdjL + {L ^ R)) (1) 

and central charge c — ~l. It bears a striking formal resemblance to a non-compactified complex boson. 
It turns out, however, that this model has a lot of structure, including strong non-unitary problems 
due to the ill-defined nature of the functional integral (|^). Note that the action has an obvious 
Sp{2)ii (g) Sp{2)l global symmetry. 

Here we will rather exploit the underlying su{2) symmetry discovered in [ |T6| . The [i^ system can 
actually be understood as a su(2)_i/2 WZW model, as we show here. As is well-known, the action of 
a WZW model based on a compact Lie group is well-defined only when the level is integer. An option 
for bypassing this obstruction for non-integer level is to consider a non-unitary model as being defined 
purely algebraically, in terms of an affine Lie algebra at fractional level and its representation theoryJd 
The cornerstone of this idea is an observation by Kac and Wakimoto on SM(2)fe for fractional level 
k = t/u with t € Z and u S N co-prime, and t + 2u — 2 > 0. They found that there is a finite number 
of primary fields associated to highest-weight representations that transform linearly among themselves 
under the modular group. They are called admissible representations. An example is provided when 
k ~ —1/2 (in which case c — 3k/{k -I- 2) = —1), inviting one to have the reasonable expectation that the 
su{2)^i/2 model is a rational CFT. 

Although the ghosts and twists are described naturally in terms of the admissible representations, 
we show in this paper that neither the /?7 system nor the sm(2)_i/2 WZW model is a rational CFT in 
the conventional sense. In brief, this is established as follows. Using a free-field representation of the 
P'y system, we can show that multiple fusions of twist fields with themselves can generate fields with 
arbitrarily large negative dimensions. These are interpreted physically in terms of deeper twists. Within 
the context of the WZW model, the presence of an unbounded spectrum is explained naturally in terms 
of the concept of spectral flow. A posteriori, it is then quite understandable that the non-rationality of 
the WZW model at fractional level reveals itself in the context of the hitherto puzzling issue of fusion 
rules. Proper interpretations of the known fusion rules and their limitations are also provided. 

The paper is organized as follows. In Section 2, we review basic facts on the (3j system. We dis- 
cuss thoroughly the twist fields, and show that their charge is a free parameter. Their conformal 
dimension, on the other hand, is determined completely by monodromy considerations, and is found to 
be ft- = —1/8. We also discuss the free- field representation of the (3j system, which is based on a c = — 2 
fermionic 771^ system, and a free boson, (p, with negative metric. 

Section 3 collects some results on the sm(2)_i/2 model, such as a characterization of the admissible 
representations and a description of the associated primary fields. An alternative derivation of the 
Sm(2)_2/2 spectrum using the vacuum null-vector is also presented. For later reference, we list the fusion 
rules computed by enforcing the decoupling of the singular vectors , as well as those obtained by the 
Verlinde formula. 

In Section 4, we study the su{2) structure of the system, and show how the twist fields can be 
organized in representations of the base su{2) algebra. We show that a particular set of twist fields (which 
corresponds to choosing a particular normal ordering for the (3j system in the Ramond sector) fit into 
lowest- and highest-weight representations of spin j = —1/4 or j = —3/4. Thus, an infinite number of 
twists are re-organized in terms of infinite-dimensional representations of su(2). We argue that this gives 
rise to a free-field realization of the sm(2)_i/2 model. 

In the subsequent section, we confirm this identification by comparing with the correlators of the 
su(2)_i/2 model determined using the Knizhnik-Zamolodchikov (KZ) equation. 

In the conceptually most important Section 6, we study the fusion rules in the (3"f system, and hence, 
in the su(2)_i/2 model. We show that fusions of the basic twists generate fields of arbitrarily large 
negative dimensions. This can be interpreted in terms of the deeper twists in the system, or in 

^Another option to bypass this difficulty would be to look for a non-compact symmetry group, in which case the 
constraint A; G N is no longer needed. Here, we would then consider a model with global 5L(2,]R) invariance, whose 
spectrum generating algebra, when c = —1, is sl{2,M.)i/2- 
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terms of the action of the spectral flow in the su(2)_i/2 WZW model. This is in sharp contrast to most 
expectations in the literature, where the existence of the modular invariant in ^| has been interpreted 
(at least implicitly) as a "proof" that the su(2)_i/2 model is a rational CFT. These observations have 
some overlap with the results obtained recently by Maldacena and Ooguri ^ on the sl(2, M) WZW model, 
and by Gaberdiel on the su(2)_4/3 WZW model In particular, the addition of extra fields under 

the spectral flow is reminiscent of the solution to the s^(2,E) WZW model However, the two models 
are different, and the appearance of continuous representations in is not replicated here. Finally, we 
show that the modular invariant partition function written in [ pT| is compatible with the infinite operator 
content that we encounter, provided the characters are properly interpreted. 

Section 7 contains some concluding remarks. The issue of logarithms alluded to above is the subject 
of our forthcoming paper 



2 The (3j system 
2.1 Generalities 

The bosonic system or c = — 1 ghost theory is defined by the (first order) action (|^). Here we focus 
on the left-moving sector and omit the subscript L for simplicity. The functional integral is clearly not 
well-defined. How formal manipulations of the model can give rise to a meaningful physical theory, is to 
a large extent the essence of this paper. At first sight, a formal treatment of the /3j system produces 
very simple results. The elementary correlators, obtained through analytic continuation of the Gaussian 
integrals, read 

(/3(z)7(«.)) = -(7(z)/3(«;)) = ^ (2) 

z — w 

The stress-energy tensor is 

r = 1 (: /397 : - : dp-, :) (3) 

and leads to the central charge c = — 1, while /? and 7 both have weight h ^ ^. There is also an obvious 
u(l) charge with current 

J3 = -1:7/3: (4) 

with respect to which /3 has charge 1/2 and 7 charge —1/2. 

The ghost fields can be periodic (NS sector, p — 0) or anti-periodic (R sector, p — 1), and have the 
mode expansions: 

P{Z) = ^ ^ — ^-^/^/3„+(l+p)/2 liz) = ^"""'"''^'7n+(l-p)/2 (5) 

The associated commutators read 

[Ps,lt] = Ss+t,o (6) 

In the NS sector {p = 0) the ground state is defined by Pr\fo) = lA^o) ~ for r > and r G N + 1/2. 
The normal-ordered Hamiltonian is then 

Lo = + (7-n-l/2/3„+l/2 - /3-n-l/27n+l/2) (7) 

n>0 

In the R sector (p = 1), the Hamiltonian reads 

Lo = -^+Yn{j^nPn- P-n7n) (8) 
n>0 
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Because of the existence of zero modes, Po a-nd 70, different choices can be made for the ground state. 
These choices have deep imphcations in terms of the su{2) content of the theory. This will be addressed 
in the context of the spectral flow in Section 6. One of the simplest choices is to demand that 

f3n+l\Vl) = Inlfl) ^ 0, n>0 (9) 

in which case /3q\(Pi) ^ 0. The vacuum state is infinitely degenerate since (3q\(Pi) is a vacuum state 
for any TV. The states are naturally organized in terms of the parity of the number of acting f3 modes. 
This infinite number of states will thus split into two sequences of definite parity, and each sequence will 
eventually be associated to an infinite su{2) representation. 
The charge in the R sector reads 

Jo=-l (/3o7o + 7o/3o) = 1- ^/3o7o (10) 

The u{l) charge of the state \(pi) is Jq = j, while the u{l) charge of (3q \ipi) is Jq = | + could 
as well exchange the roles of (3 and 7, and define the ground state in the R sector through 

7„+i|</Ji) =/3„|V7i) =0, n>0 (11) 

In this case, \ipi) has charge Jq = —j, and the states Jolfi) charge Jq = —j — ^. Finally, it is also 
possible that the ground state is annihilated neither by f3o nor 70. This would lead to a tower of states 
with values of Jq extending infinitely in both directions. 

In the rest of this section, we choose the ground state of the NS and R sector to obey the highest-weight 
conditions 

f3n+{l+p)/2\'Pp) =ln+{l-p)/2\'Pp) ^0, n>0 (12) 

The character, x, of the Verma module is obtained by counting all possible applications of the lowering 
operators Pn+{i+p)/2 a-nd Jn+{i-p)/2 with n < 0. Keeping track of the powers of /3 with a factor y and 
those of 7 with a factor y^^, we thus have 

oo 

..(«)^, n^TT^i^irT^^H^ (13) 

In the expansion of the infinite product, the coefficient of (which can occur only for p = 1) is J2m>o V"^ ■ 
This reflects the inflnite degeneracy of the vacuum. 

Up to this point, the c = — 1 theory defined with the above highest-weight conditions resembles the 
c = 2 theory of a complex boson |]l6| . This is not surprising. For instance, the formal partition function 
of the system in the RR sector on the torus would read Z cx 1/det A, where A is the Laplacian. This 
extends to the partition function when NS and R sectors are combined. Recall that the determinant of 
the Laplacian acting on functions with boundary conditions (the complex variable on the torus is denoted 
C to avoid confusion) 

/(C-l-c.i) = -e2*-"/(C), /(C + c.2) = -e2^"^/(C), r = c.2M (14) 
takes the form (cf. the character (^3|) with a = p/2 and e^^*'' = y): 

1 = r7l/24/,-"V2 TT \ \ xCrr^ Cl 'Si 

detA„+i/2,;3+l/2 n (l+e2"/5(7"+l/2-a) (l + e-2»^/3^«+l/2+a) ^'-^ ^ > 

The associated partition function reads (/? is denoted z for future convenience) 

^ (det Ai/2,^+1/2 ^ det A1/2,;: ^ det Ao,^+i/2 ^ det Ao,^) ^^^^ 
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The "natural case" is z = 0, and corresponds to what one would like the partition function to be, based 
on formal functional integral calculations with the (3^ action. This coincides, of course, with the partition 
function of a non-compactified complex boson. The infinite degeneracy of the vacuum in the operator 
formulation can then be interpreted as a manifestation of the zero mode of the Laplacian. Partition 
functions (characters) in different sectors can be matched, and it is tempting to argue that the (3^ system 
and the non-compactified complex boson are essentially equivalent, the former being a sort of twisted 
version of the latter . 

We shall see in the following that this is not true. In particular, the (3^ system defined through 
the highest-weight conditions (^2|) is a complicated CFT where the divergences present in the functional 
integral give rise to a spectrum unbounded from below, and the partition function (^) will not be the 
final answer. The formal similarity with the non-compactified complex boson is indeed only formal and 
hides a subtle resummation of this spectrum. 

To uncover the physical content of the [3^ system requires a deeper understanding of the fields in the 
R sector, to which we now turn. 

2.2 Twist fields and monodromy considerations 

The R sector corresponds to anti-periodic boundary conditions for the (3 and 7 fields on the plane. These 
boundary conditions are generated by twist fields, for which we demand the local monodromy conditions 

/3(z)r(l)oc(z~zi)-i/2, 7(z)r(l)oc(z-zi)-i/2 (17) 
The square root singularities multiply "excited" twist fields. Here and below we use the abbreviation 

T{i) = T{Zi). 

Let us calculate the conformal weight of the twist fields. For this, we consider the ratio of correlators 

(/3(z)7(^)r(2)r(l)) 

— wm) — ^ ^ 

in the limit where zi = and Z2 = 00. It follows that 

, \ -1/2 -1 /2 ^-2; + (1 - A)w , ^, 

02(2, w) = 2; ^'^w ^'^ ^ — (19) 

z — w 

where the square root part is due to (p^, while the meromorphic function follows from the constraint 
that g2{z^'w) oc {z — w) ^ as z — > w, cf. (|^). yl is unconstrained and is left as a free parameter. Its 
meaning is immediately elucidated when considering the u(l) current (^). Namely, from g2{z,w) we find 
the OPE 

(: /37 : (^)r(2)r(l)) ^ A - 1/2 

(r(2)r(l)) w ^ ' 

as w — > zi, and thus, the u(l) charge of the twist field at zi is Jq — — 1/2). It must be opposite to 

the u(l) charge of the conjugate twist field at Z2 in order for the correlator not to vanish. Thus, despite 
the notation used above, the two twist fields within the correlator may be different - the twist field is 
not unique. 

The u(l) charge does not affect the conformal weight, in contrast to what would happen in the 
fermionic 771^ system, for example. To see this, we use the stress-energy tensor (^. Evaluating the leading 
singularity as w —>■ zi along the same lines as above, one finds 

(: d(3j : (^)r(2)r(l)) _ /3 A\ 1 

(r(2)r(l)) {8 2jw^^--- ^ ' 

and 

(r(2)r(l)) 



{: djf3 : {w)t{2)t{1)) f3 {I - A)\ 1_ 

+ . . . [ZZ) 
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It follows that h — independently of the value of A. 

In theories of free Majorana and Dirac fermions, or of free bosons, monodromy conditions like (|lj 
define the twist fields uniquely. That is not so in the (3"f system: although the conformal weight of r is 
fixed uniquely by the local monodromy {h = — an ambiguity related to the u{l) charge remains. 

2.3 Free-field representation: P'j twists vs r]^ twists 

To understand better the role of the u{l) charge, it is convenient to introduce the free-field representation 

f3 = e-"l'T], 7 = e^'^d^ (23) 

where is a free boson with negative metric: 

{(t){z)(t){w)) ^ +ln{z -w) (24) 

We use an implicit notation where vertex operators like e*'^ are normal ordered, r] and ^ are fermions of 
weight h = I and h = 0, respectively, obeying 

ivizn^)) = {iiz)vM) = (25) 

z — w 

Since the exponentials in the free-field representation have weight h = f3 and 7 have weight h = ^, 
as required. Recall that the 77^ system has stress-energy tensor T =: dS^rj :, and central charge c = —2. 

It is important to notice that the (3j system has a single u{l) charge, while this representation allows 
for two of them. The free-field representation of involves the u{l) charge of the boson only, — ^id4>, 
but there is also the u(l) charge of the rj^ system, j =: S^rj :. 

The free-field representation makes itj-clear that to create a branch for /? and 7, we have a continuum 
of possibilities. Indeed, introduce a twista for the fermionic fields: 

d^{z)axiw) (X {z - w)^^\ ri{z)dx{w) (X {z - w)-^ (26) 

or more precisely 



Such twists have been studied before ^ . Their conformal dimension and 77^ charge (i.e., jo eigenvalue) 
are given by 

ha. = -^^^^, fe. -A (28) 

In particular, ^ and 77 have 77^ charges and —1, respectively. To complement this, we can introduce a 
"magnetic" charge operator, 6'"*^"^"*^ in the free-boson theory, and select a in order for /3 and 7 to be 
anti-periodic when acting on a\e^°'^'^~'^\ For instance, 

/3(ze2"*) e"'^^"') cta(w) = e^*"^"-^) /3(z) e""''^'"'^ a^iw) (29) 

and we want the phase to be e~*'^, so that 

2a-2A = -l (30) 

One then has 

7(ze2"^) e*"'^('") axiw) = e2"(-°+^-i) j{z) e""^^'^^axiw) (31) 



^The difference in the two OPEs stems form the fact that ^ and r] have different dimensions. Twists are more easily 
defined in the symplectic fermion theory, using two fermionic currents. 
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Its dimension is 



with a corresponding phase e as weh. In the foUowing, a and A are always assumed to be related by 
(|30|). The expression for the full twist field follows: 

f;, =aAe'^^"^)(^-0) (32) 

. = ^^-11^.4 (33) 
2 8 8 ^ ' 

independent of A, as desired. As already mentioned, in the free-field representation the u(l) current of 
the system reads = ^id(j). Thus, the charge of the twist field is Jq = — ^ (A — ^) , and A coincides 
with the parameter A introduced above. Conjugate twist fields are obtained by replacing A by 1 — A. 

Let us now try to identify particular c = —2 twist fields. Given its dimension and charge, we can set 
(To = /. Note that cti also has dimension but it has 77^ charge +1, hence it cannot be equivalent to the 
identity field. But since it has the same dimension and charge as f , it is natural to set cti = i^. There are 
two other values of A that suggest simple identifications: (7_i and (T2 both have dimension 1, and their 
charges are —1 and +2, respectively. It is thus natural to set f7_i — rj and (T2 = £,d^. These identifications 
are supported by the following, slightly different OPEs, compatible with charge conservation: 

Tliz)axiw) - (z - w)-^ ax-i{w), d^{z)ax{w) - (z - w)^^^ ax+i{w) (34) 

These OPEs in turn (as well as the charge and dimension assignments) are compatible with the following 
more general identifications (n > 0): 

a„ =eaC---9"-ie with ha,, = ""^"""^^ ga„=n 

o--„ = ijdri---d'''~^ri with ha_„ = !l(!l_tll^ q^_^^ ^ (35) 

It is now crucial to recall that there are different choices of c = —2 theories, which will lead to different 
realizations of "the" /37 system. Here, we will choose to use not the 77^ system but rather the r]d^ systerm 
(though, for simplicity refer to it as the 77^ system). In the terminology of we thus work in the 

small algebra, generated by the modes of i] and 9^. We denote the corresponding twist fields by cta. 
Instead of (pq), for instance, we then have 



• ■ d''-^C with 



n{n — 1) 
2 ' 



n(n + 1) 

a-n = vdri ■ ■ ■ d"^^ri with hcr_,, = , qa^,, = -n (36) 

Particular examples are ai = I and (T2 = d^. These identifications are compatible with the OPEs ( p6| ) 
for n 7^ 0, 1. For n = 0, 1, since — ai — I, the OPEs have to be changed by the addition of integer 
powers of z — w. 

The definition of the twist fields in the (3^ system is now 

Tx=cjxe'^^'^^^^''^^ (37) 

((j> is omitted in the following). With this definition, the OPEs of twists in the (3^ system are generically 
satisfied, except for some special values of A. For instance, one has /9(z)to(w) ^ (z — u;)"-^/^ and 
^{z)tq{'w) ~ (z — w)^/^. Similarly, we have /3(z)ti(w) (z — w)^/^ and ^{z)ti{w) ~ (z — w)^^/^. 
Otherwise /3(z)r±„(M;) (z — w)~^/^ and 7(z)r±„(?«) ^ (z — w)^^/^. The marginal cases can be obtained 
within our formalism as limits of the generic cases. For instance, the four-point function {(SjtiTq) / (tiTq) 
goes as {zjwYl'^i^z — w)~^ , and corresponds to the particular case A=\. 



^This choice is justified by the observation that the S'u(2)_i/2 symmetry constructed in the (i^ system commutes with 
a BRST charge = i r} in the rj^ip free-field representation. How logarithms may appear when going beyond this choice, 



will be the subject of our forthcoming paper 
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2.4 Twist correlators 



We now turn to the calculation of the four-point functions of twist fields. There are several ways to tackle 
this question. A possibility is to follow the lines of |2^, that is, to implement local as well as global 
monodromy constraints in the [3^ system directly. The starting point would be the ratio of correlators 

= (r(4)r(3)r(2)r(l)) ^^^^ 

(the charge labels being introduced below). Using monodromy arguments based on ( p7[ ) and the result 
(|^), would, however, not lead to a complete determination of g^. There would, once again, remain 
ambiguities because of the u{l) charge of the twist fields. If we were to assume, for instance, that t(1) 
and t(3) on the one hand, and t(2) and r(4) on the other, had the same charge, it would follow that 

gi{u,w) = - - Zi)"^/^ 

i 

A[u — Zl){u — Z^){w — Z2){w — Zi) B{u — Z2){u — Z4)(w — zi){w — 23) 



[u — w) ^ ^) 



+ C{zi,Zi) 



(39) 



with the only constraint A + B = 1 (A, B arc constants, while C is a constant with respect to z and w 
but depends on the other arguments). The choice of A (and hence of B) would correspond to a choice of 
u{l) charge for each of the twist fields, exactly as in the case of the two-point function. 

In fact, to evaluate this correlator, it is easier to use the free-field representation. The bosonic part of 
the twist correlator is then evaluated straightforwardly using Wick's theorem. As for the fermionic part, 
we can use the method of p5| , |2^ . Let us indicate how. The starting point is 

= (a,,,(4)a.(3).,,,(2)..(l)) ^''^ 

with X + fi + i' + p = 0. Local monodromy constraints lead to the introduction of the two forms 

LU^iu) = {u-Zi)-\u-Z2)-^-'^{u-Z3)-'{u-Z4)-'-P 

0U2{W) = {w-Z,)^-^(w-Z2r(w~Z3r-\w~Z4r (41) 

g/^{u,w) can then be written as the product LO1UJ2 times an analytic function of u,w,Zi, which can be 
determined uniquely. Sending z — > w, extracting the stress-energy tensor from the rjd^ OPE, and using 
the OPE of T with primary fields, leads (after setting zi — 0, Z2 — z, z^ — 1 and 24 — 00) to a differential 
equation in z for the object 

G{z, -z) = \\Tn,_^^^\z^f+""+^-+^'^+'''^-''{a^+p{z^rzoo)o.{l, 1)^i+m(^, ^)^a(0, 0)) (42) 

In the related free-boson problem, it is referred to as the quantum correlator. The second part of the 
calculation involves the function 

(ai+p(4)a.(3)ai+,(2)a.(l)) ^^'^ 

While we had the OPE ^{u)a\{w^i]o) oc (it — w)^ , we now need £,{u)(J\{'w,w) (x {u — w)~^~^^. It follows 
that h^lu^iu) — uji{u)uji{w)D{zi, Zi), where 13 is a constant (with respect to z and w). The final step is 
to demand that ^ is uniquely defined when going around contours that encircle the four twist fields. This 
involves the integral of uji along various cycles. For the benefit of our presentation, we focus on the ones 
that are related to the fundamental integral 

' dyy-\l - y)-i-^(l ~ zy)-^ = IXLz.^Hz^i7^(^, 1 - A; 1 - A - ^) (44) 

r(i - A - fi) 
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This integral formula is valid for Re(l — A), Re(— /i) > and \z\ < 1. Here F denotes the hypergeometric 
function 2^1- The final result is 



G cx |1 - [F{iy, 1 - A; 1 - A - Ai; z)F{v, 1 - A; 1 - A - ^; 1 - z) + (c.c.)] (45) 

Going back to the physical correlator, one has 
(ai+p(4)a,(3)ai+^(2)fTA(l)) 

[F{iy, 1 - A; 1 - A - /i; 1 - A; 1 - A - ^; 1 - z) + (c.c.)] (46) 



with Zij = Zi — Zj. Note again that we are interested in values of A, fi, v, p for which the OPEs initially 
written may not hold exactly, and differ from the ones used in this derivation by integer powers oi z — w. 
Our practical definition of the twist fields will be through the four-point function, which we will demand 
to always be given by (|4^). If it so happens that the hypergeometric function is then ill-defined, the pole 
may formally be factored out, and a new hypergeometric function, this time well-defined, is substituted. 
This simple procedure corresponds to supplementing (Q with an integral formula valid for other values 
of the parameters A,/i,i^, p, and implementing it in the expression for the four-point function (|4^). See 
also the expansion discussed in Section 5.1. 

The above correlator is compatible with all the identifications proposed previously, in particular with 
setting (T„ = : 9^ . . . 9""^^ : and (t_„ = : 'qd'q . . . d'^~^ri :. To illustrate this, we consider 

(73 aea^e :, (7_2 vdv : (47) 

and compute the four-point function 

G^{: d£,d^^ : (4) : d^d^^ : (3) : rjdrj : (2) : Tjdi] : (1) x (c.c.)) (48) 

We should then check that it coincides with the corresponding case of our general result: 

G cx |zi3Z24r''|2(l - z)ri2 [j7(3^_2;i;z)F(3, -2; l;l-z) + (c.c.)] (49) 

Since F{3, —2; 1; z) = 1 ~ 6z + 6z^, we end up with 

G oc \zi3Z2i\~'^^\z{l- z)\-^^{l-6z + 6z^){l-6z + 6z'^) (50) 

Finally, we can go back to the free-field representation of the (3"f system and obtain 

(Ti+,(4)r,(3)ri+^(2)n(l)) cx \z,,Z24\'^'\z{l ~ z)\'/^ 
\z\-^-^\l - z\-^-P [F(l - A, A; 1; z)F(l - A, A; 1; 1 - z) + (c.c.)] (51) 

A particularly simple case is 

(ri_A(4)rA(3)Ti_A(2)rA(l)) 
oc lzi3Z24l'/'l^(l - ^)1'/' [Fil ~ A, A; 1; z)F(l - A, A; 1; 1 - z) + (c.c.)] (52) 

This computation demonstrates the equivalence of the twist-field correlators based on the monodromy 
definition, and the explicit representation in terms of fermions obtained in the previous subsection. 



3 The sw(2)_i/2 WZW model 

In this section we review some aspects of the su(2)_i/2 WZW model. Its relation to the (3j system is 
discussed in the subsequent sections. 
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3.1 Admissible representations of the sm(2)_i/2 model 

A fractional level k, for the su(2)fc algebra, is said to be admissible if k = t/u, with t e Z and u G N 
relative prime, and t + 2u — 2 > (see also |26 , Section 18.6). The admissible 'su{2)k representations 
are then characterized by those spins j which can be parameterized by two non-negative integers r and 
s as 

2j + 1 = r - {k + 2)s, l<r<t + 2u-l, 0<s<u-l (53) 

In the present case t + 2u — 1 ^ u ~ 2, so that r = 1, 2 and s = 0,1. Thus, there are four admissible 
representations, with (r, s) = (1,0), (2,0), (1,1), (2,1). With this ordering, they correspond to 

• = n i -I 

' 2 ' 4 ' 4 
Their highest-weight states have conformal dimension hj given by 

3{j + l) 



(54) 



hj = 



k + 2 



The admissible conformal dimensions are thus 



1 



/lO = , hi/2 = 2 ' ^-3/4 = ^-1/4 = -g 

The characters of the admissible representations are given by 

x;(g,y) = Trz,./"-^/^^/-^o 
D^- denotes the representation of spin j with e = ± for highest or lowest weight, while 



y 



(55) 
(56) 
(57) 
(58) 



This trace can be summed and for the highest-weight representations of Kac and Wakimoto, we get ||ll 
(see e.g. |26|, Eq. 18.185) 

(59) 



+ er;(z/u;r)-erj(z/z.;r) 



Here we have used the notation 



e 



dl 



lei 



with fc = -1/2 = t/u, u = 2,d = u'^{k + 2) = 6, and 



b± = u[±{r) -{k + 2)s] 



(60) 



(61) 



For the identity, for example, we have b± ~ ±2, while for the field with j — —1/4, we have 6+ = 1 and 
&_ = -7. 

The sm(2)_i/2 admissible characters turn out to have simple expressions in terms of the usual theta 
functions: 



Xo(t,2;) 
X\l2(j,z) 

XL-il^{T,z) 



1 




^7 


2 


.04(r,z) 


^^3(t, z). 


1 


?7 


^ 


2 


.04(r, z) 


d^ir, z)\ 


1 




V 


2 


_i6'i(t, z) 


^2(t,z) 


1 




V 


2 


_i6'l(T, z) 


02iT,z) 



(62) 
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These admissible character functions close under the modular group ||l7| . For this reason, the su(2)_x/2 
WZW model is often said to be a rational CFT (and likewise for more general admissible level su{2)k the- 
ories). This statement will be re-evaluated in Section 6 where we are more careful about the convergence 
regions of the traces (|5^) when summed to the. character fuiictions (^9|) and ( |6^ ) . 
The associated diagonal modular invariants is given bytl 

Z{r,z) = \xo{r,z)\' + \xt,^,{T,z)\^ + \x^/2{r,z)\' + \x%^,{T,z)\' = Y^J^^^ (63) 

This can be shown to coincice with (|l6|). 

We stress that in the present work, when we refer to highest- or lowest-weight representations, the 
qualitative "highest" or "lowest" refers to the grade-zero su{2) representation: a highest-weight state is 
annihilated by Jq while a lowest-weight state is annihilated by Jq . The superscript, -I- or — , on the char- 
acter indicates that the representation is a highest-weight or lowest-weight representation, respectively. 
Note that for j = 0,1/2, the representation is both a highest- and a lowest-weight representation. On 
the other hand, both types of representations are afhne highest-weight representations, that is, they are 
annihilated by the action of J+ , J,7 and for n > 0. The functional form above is not a property which 
relies upon choosing the representations to be su{2) highest- or lowest-weight representations. For exam- 
ple, X~^3/4 = ~Xli/4 s-iid X~^i/4 = ~Xl3/4 (see below). In other words, the admissible representations 
could be regarded either as highest- or lowest- weight representations. 



3.2 Generating the sm(2)_i/2 spectrum from the vacuum singular vector 

Another way of generating the spectrum of the model is to use the constraints induced by the presence of 
the non-trivial vacuum singular vector, cf. |po| Jj The su(2)_i/2 vacuum representation has a null state 
at level 4. It can be written explicitly asE 

t3 _ 14 , 184 3 3 _ 62 , 27 , 

-4 127 ^ 127 127 ^ 127 

_^J3 J3 + 100 3 J+ + ^J3 J j+ _ii^3 ^3 ^3 

127 -2 -2 + -^'J-i'h + ^^^-J-i-J-vJ-i ^27-2^-1-1 
-^^JUJ--,J\ + ^^JI,JI,J\Jl, ^^JI,Jl,J'^,Jl, - §^Jl,Jl,Jl,Jl?j 10) (64) 



^This is not the sole invariant we can write, however. Given that charge conjugation (defined from the square of the 
modular 5" matrix) relates j to —j — 1, we also have the charge conjugate version of the diagonal invariant; 



IXOP + |Xl/2l^ + xti/4^tl/4 + X^3/4X^i/4 



*If the variable z transforms as ZT/{aT -|- b) as t is changed to (ar -|- h)/{cT + d), there is no prefactor in this partition 
fjinction. If, on the other hand, z is changed to z/{ct + d), there is the prefactor exp[27rlm(z)^/lm(r)] , cf. appendix B of 

^In ||20|, this technique is presented as a simplified implementation of the Zhu's algebra. It can be traced back to early 
works in CFT. For instance, in |E7|, the field associated to the non-trivial vacuum singular vector is called the model's 
equation of motion, and the way the full spectrum can be extracted from it is illustrated for the minimal model describing 
the Yang- Lee singularity. This approach is also used extensively in the construction of new W algebras in | )2q |, for example. 

^The singular vectors for the admissible representationswere obtained long ago by Malikov, Feigin and Fuchs po) , and 
are referred to as MFF singular vectors. Their theorem 3.2 [ES] expresses a singular vector as a monomial involving fractional 
powers: for the vacuum representation of the k = —1/2 model, the MFF singular vector reads 

Using the commutation relations, one can re-express this result as a sum of terms where each generator has an integer 
power. The point here is the following. The vector (p4) and the above MFF singular vector both have Lq eigenvalue 4. 
However, the MFF singular vector has Jq eigenvalue 2, while ( |64[ ) has Jq eigenvalue 0. Thus, Jq must be applied twice to 
get the latter from the former. 
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The zero mode of this nuU vector provides a constraint that fixes the allowed representations of the 
theory. We get the following conditions 

(3 + 16C) [3{J^f - C] = (65) 

where the Casimir, C, is given by 

C = liJoJo + 4 Jo) + Jo Jo (66) 

Let us look at these conditions on the highest-weight state of the highest-weight representation of spin 
j, denoted . We will write the state associated to the field in the admissible representation of spin j 
as \j,m)^, where m and n are the Jq and Lq eigenvalues, respectively: 

C|j>"i)„ = j{j + l)\j,m)^ 
Jo\j:m)n = m\j,m)^ 

Lo\j,m)^ = {hj +n)\j,m,)^ (67) 

The highest-weight state of satisfies Jg^lj, j)g — 0. 

From the condition (|6^), we find the following set of highest- weight representations Dj': 

j = o, c = 

J - 1/2, C = 3/4 

C=-3/16 

j = -3/4, C = -3/16 (68) 

These are in one-to-one correspondence with the admissible representations for the su(2)_i/2 model. 

Also, to each highest-weight representation, there corresponds a lowest-weight representation, with 
the same Casimir eigenvalue. The lowest-weight states are \ j, —j)^, and the corresponding representations 
are denoted by D~ . Note that the states in Dj' are different from those in DJ unless j is integer or 
half-integer (in which case the corresponding su{2) representation - the grade-zero content of the affine 
representation - is finite-dimensional). For j = 1/2 (or the trivial j = 0) the representation is both a 
lowest- and a highest-weight representation. The two notions can then be identified. 

As pointed out in |2^ in a related context, another infinite-dimensional representation is allowed. It 
is neither a highest- nor a lowest-weight representation, and for that reason it cannot be assigned a j 
value. Nevertheless, the representation does have a well-defined Casimir eigenvalue, C — —3/16, and is 
defined by 

Jf^\m)^ = (— 3/16 — TO(m — l))|m — 1)q (69) 

It is denoted E. In fact, this representation extends to a continuous set of representations by setting 
m + t with t e [0, 1[, excluding the values of t used for the admissible representations obtained above 
(i.e., t ^ -1/4, -3/4). These are denoted Et. 

In this approach to the determination of the spectrum, it appears that both highest- and lowest- 
weight representations are present. Again, the distinction is meaningful when j ^ N/2, i.e., when s 7^ 
with s defined in (^3|). Two such representations always appear pairwise (j, —1 — j), and they have the 
same conformal dimension. Moreover, the associated character function Xj : viewed as a highest-weight 
representation (hence the superscript +), is related to the conjugate character function xZx_j, viewed as 
a lowest- weight representations |3T[ : 

X+(r,z) = -xIi_,(r,-z) (,s ^ 0) (70) 
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For later use, we raention that in order to describe the primary fields associated to representations 
which are infinite-dimensional at grade zero, it is convenient to use a collective description of the whole 
multiplet in terms of a generating function |32| . The expansion in powers of the dummy variable x 
captures the m values of the multiplet. For instance, to a highest-weight representation with j ^ N/2, 
there corresponds the field 

^+{w,x)= 4™^Ha;^'+™ (71) 

me(i+z<) 

while the field associated to a lowest-weight representation reads 

^J{w,x)^ ^ 4>^"'\w)x^+"^ (72) 

mG(-j+Z>) 

Having this set of highest- and lowest-weight representations, the question arises: which representa- 
tions are actually present in the Kac-Wakimoto diagonal modular invariant? When revisiting the diagonal 
invariant (|63|), it is not difficult to realize that it could just as well be written either as 

Z = |xo(t, z)P + |xi/2(t, z)P + Ixt./^ir, z)p + \xZ,/^{t, -z)\^ (73) 

or 

Z = |xo(t, z)|2 + |xi/2(r, z)|2 + Ixty^ir, z)\'' + \xZy^{r, -z)f (74) 

This would seem to indicate a contradiction: either there are more than one theory for which the operator 
product algebra closes, or we do not have a correct interpretation of the partition function. It turns out 
that the latter is the correct answer, and that we need to worry about convergence regions when talking 
about characters. To elucidate this, we must consider products of operators to determine which set of 
operators closes under fusion. This will not be tackled fully until Section 6. The next subsection is 
devoted to an examination of the standard approaches to computing fusion rules in the su(2)_i/2 WZW 
model. 



3.3 Fusion rules 

In the context of non-unitary WZW models, there are contradicting results concerning fusion rules. The 
method of BRST cohomology and the vertex-operator methods [Q yield identical results. On the 
other hand, fusion rules can also be computed by enforcing the decoupling of singular vectors Q . The two 
sets of results are rather different. The latter fusion rules were recovered in p5[ | using cohomology theory 
of infinite-dimensional Lie algebras, and in |3^ using a Coulomb gas method based on the Wakimoto 
free-field realization to compute correlators. Notice also that the Verlinde formula incorporates the results 



of 1 33 , but in those cases where the latter are ill-defined, it yields negative signs |37| . 

As a preparation for our discussions in subsequent sections, we here review both sets of results for 
k ~ —1/2. In both cases, we omit discussing the trivial fusions with the identity field. First, the fusion 



;ular vectors |lg] are 




^-3/4 X ^-3/4 = 


Do 


^^1/4X^:1/4 = 


Do 


-^^3/4 X = 


Dl/2 






^^1/4 X Dl/2 - 


D%/, 


Dl/2 X Dl/2 


Do 



(75) 

One observes that all fusions combine a highest- with a lowest-weight representation: D+ x or 
D~ X Recall that Do and -D1/2 are both highest- and lowest- weight representations. 
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Let us explain the reason for which we insist on interpreting these fusion rules in terms of fields with 
specified representations. The derivation presented in |l8| considers the fusion of three fields (l)j{z, x). Two 
of the associated representations (highest, lowest or even continuous) are initially not specified, while one 
field carries a highest-weight representation (or equivalently a lowest-weight representation). Assuming 
it is the field (pj-^{zi, xi), one then considers the decoupling of the singular vector of the highest-weight 
representation ji from the three-point function 

Osiris (^2, a;2)|ji) (76) 

Applying the null vector to this correlator then provides a set of products depending on ji , j2 , js which 
must be set to zero in order to have decoupling. This leads to a set of conditions on the three spins, thus 
providing the fusion rules. At first sight, it then seems that only the representation of the field (zi, Xi) 
has been specified. However that is not true. From projective and global SU{2) invariance, one obtains 
the well-known form of the generating-function three-point correlator: 



^.3(^3,X3)0,,(z2,X2)^,,(zi,a;i)) CX (^^ _ ^^)h. + h,-h3(^3 _ ^,)^3+/..-/»i(^3 - ^,)h.+h,-h. (7^) 



One observes that for the triplets of spins appearing in the fusion rules ([75|), at most one of the com- 
binations j2 -|- ji — js, iz + j2 — ji and J3 -I- ji — j2 is not a non-negative integer. This means that at 
most one of the monomials ((0:2 — a;i)^^"'"-'^~^^ , say) requires an infinite expansion. As a result, one of the 
involved fields will correspond to an infinite-dimensional highest-weight representation, while the other 
will correspond to an infinite-dimensional lowest-weight representation. This is reflected in the fusion 
rules. At most two of the representations are infinite-dimensional, and in the cases where they appear 
on each side of the fusion identity, they are both highest or lowest weight. That is due to the fact that 
three-point functions correspond to couplings of three representations to the singlet. Thus, extracting 
fusion rules from three-point functions requires considering the conjugate representation to one of the 
fields, interchanging a highest- with a lowest-weight representations. 

In a rational CFT, the fusion algebra of the finitely many primary fields must close. However, the 
decoupling method does not predict the outcome of the fusion D^^^^ x D^^^^, for example. One may 
also worry about the associated modular invariant. In that vein, it is noted that the fusion rules ( |75| ) 
seem to superficially contradict the various forms of the modular invariant written before, none of which, 
at first sight, contains all the fields (associated to Dg, D1/2, D^^^^ and D^^^^) at the same time. 

Note finally that the fusions ( |75| ) are invariant under the action of the su(2) outer automorphism a 
which acts on the spin labels as a : j — > a{j) — k/2 — j . The invariance property of the fusion rules is 

h 

with the +/— specification omitted. A more refined version of this symmetry relation will be considered 
later. 

Another set of fusion rules arc computed from a direct application of the Verlinde formula. In the 
case of the diagonal modular invariant containing all highest-weight representations, the rules are (cf. 



^-3/4 


X<3/4 = 


-D^,2 




X^-1/4 = 


-Dl/2 


^-3/4 


X^-1/4 = 




^-3/4 


X D^/2 


^-1/4 


^-1/4 


X Dl/2 


^-3/4 


Dl/2 


X Dl/2 = 


Do 



(79) 
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(here the representations Dq and -D1/2 are viewed as highest-weight representations). The Bernard- Felder 
rules |]33| correspond to considering only the last three fusions. 

The two sets of fusion rules are obviously different, though they do have common features. In partic- 
ular, all fusions with the identity (not written) as well as the last three fusions in each set, are identical 
(when restricting to highest-weight representations). However, the first three are rather different. These 
are precisely the ones that involve a negative sign in the Vcrlinde case. An immediate consequence is 
that the Verlinde fusions are not invariant under (|7|) (with all highest weights). However, the relation 
( |70| ) suggests a simple way to re-conciliate these different results |3^, and to interpret the negative 
signs, e.g., 

Dty,xDt,/, = -D,/, ^ Dty,x{-DZ,/,) = -D,^2 (80) 

Although appealing at first sight, we stress that this prescription cannot make the two sets of fusion rules 
identical in the general case (that is, when u > 3, where u is the denominator of k) since the decoupling 
method yields more terms than predicted by the Verlinde formula. Roughly, the fusion rules in both 
methods split into separated fusions in the integral and fractional sector, that is, in terms of the r and 
s labels (^. The decoupling fusions are isomorphic to those of su{2)u(k+2)-2 ^ 5sp(l, 2)u_i, while the 
fusions obtained by the Verlinde formula are of the type su{2)u{k+2)-2 m(1)„_i (see, e.g., psf). 

The apparent contradiction between the two sets of fusion rules is a further signal that the CFT 
interpretation of the WZW model with only four primary fields may be wrong. In order to address 
in a concrete way the issues raised here, we first describe the connection between the su(2)„i/2 WZW 
model and the system. That will provide us with a free-field representation of the WZW model. It 
is established in the next section, and confirmed in Section 5 at the level of correlation functions. Thus 
armed, we revisit in Section 6 the various puzzling issues raised in this section. 

4 The su(2)_i/2 model vs the jSj system 
4.1 The /?7 representation of the current algebra 

As pointed out in |]l6j, the su{2) currents live in the universal covering of the f3"f algebra. More precisely, 
each current can be represented as a bilinear in these ghosts as 



(81) 



2J^{w) 
[z — w) 



(82) 

Having found the representation of the currents, the next step is to understand the structure of the 
WZW primary fields in terms of the [3^ system. It is rather easy to verify that the (/3, 7) pair forms a 
spin-1/2 multiplet: 

J3(z)/3(H ~ ^7^^' J+{z)p{w) ^ 
2(z — w) 



The OPEs read 



J+(z)J-(u;) 



J\z)J\w) 



-1/2 
(z — Ui)^ 



(z — w) 

r3.,^.3,,„, ^ -1/4 
[z — wY 
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This means that /3 and 7 correspond to the states |l/2, 1/2)q and |l/2, — 1/2)q, respectively. 

The crux of the matter is to describe the operators with weight /i = — | . They cannot be expressed 
directly in terms of the /?7 fields. The natural guess is to identify them with the Z2 twists in the f3^ system. 
We then need to understand how the twist fields are organized to form irreducible representations. In 
particular, we must be able to describe the infinite number of states at grade zero in the j = —1/4 and 
j = —3/4 admissible representations. To proceed further along these lines, we turn to the ri^(f) free-field 
representation. 

4.2 Twist fields and representations of su{2)^i/2 
In terms of the r]^(p fields, the su(2)_i/2 currents are represented by 

J+ = : 0*7777 : 

J- = , 92^9^ . 

J3 = ^id<P (84) 
We now study their action on the twist fields, noting that 

4rx = -^^r. (85) 



Let us first identify those twist fields that correspond to highest- and lowest-weight states (characterized 
by the vanishing of the single pole in the OPE with J^, respectively). There are two highest weights 
(hw) and two lowest weights (Iw): 

_ , 1 11 

JqTo=0, JqTo = -To ^ lw:j = --,m= - 

3 3 3 

Jo"r_i=0, JqT-i= -t_i ^ lw:j = --, m= - 

1 11 
J+Ti = Q, J^Ti = =^ hw:j = --, m = -- 
Jo+r2=0, 4t2 =-^T2 hw:i = -^, m=-^ (86) 
More generally, the twist fields with A € Z can be organized to form the admissible representations: 



T-2n, 


n e 'i 


Z> : 


^=1/4 


T-2n-l, 


n e 'i 


Z> : 


^=3/4 


T2n+1, 


n e 'i 


Z> : 


^^1/4 


T2n+2, 


n e 'i 


Z> : 


^^3/4 



(87) 

These twist fields are all expressed in terms of the free boson and diff'erential monomials in 77 or ^. 
Moreover, the above result indicates that generic twist fields arc in representations which are neither 
highest- nor lowest-weight representations! Indeed, for A ^ Z, the twist fields T\+2n {n G Z) form 
infinite-dimensional representations which are neither highest- nor lowest-weight representations. 

We consider the (3^f free-field representation of the su(2)_i/2 model further by examining four-point 
functions in the next section. 
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5 The KZ equation and correlators 

In this section we want to construct the four-point functions for the sm(2)_i/2 model using the KZ 
equation. Let us introduce the differential operator realization of the su{2) generators 



^0+ 



dx 



Jq — xdx j 



The Casimir operator is given by 



C - imJSJo = J{J + 1) 
with 7]^ = T] |_ = 7733/2 — 1/2. Note that the WZW primary fields (j)j{w,x) satisfy 

1 



J°'{z)<pj{w, x) 



-J^(j)j{w,x) 



(89) 



(90) 



We recall that the KZ equation captures the constraint that follows from the insertion of the null 
vector 



k 



-llabJliJc 



(91) 



into a four-point function, for example. Using the realization (pq), the four-point KZ equation reads 

VabiJSh ® (Jo') 



(fc + 2)a., + J2 



tij^{z4, X4)4>J3{Z3, X3)4>.j^{z2, X2)(l}ji{zi, Xl)) = 



(92) 



Here (Jg)j means that Jq acts on the field labeled by j and positioned at zj. The generic solution to 
these equations was computed in and contains logarithms. 

From the similarity with the c — 2 CFT, for example, it is natural to expect that a solution to the KZ 
equation may involve an infinite series in Xi, and not just be polynomial. This is indeed what happens. 
Introduce the differential operators 



and 



P = -x^l-x)dl+[-{ji+j2+j3-j4 + l)x'' + 2jix + 2j2x{l-x)]dx 

+ 2j2(jl + j2 + js - j4)x - 2jij2 



= -(1 - xfxdl + [{J1+J2+J3-.H + 1)(1 - + 2j3(l - x) 
+2j2a;(l - x)] dx + 2j2(ji + J2 + js - J4)(l - x) - 2j2h 



The anharmonic ratios, z and x, are defined by 

^ _ {Z2 - Zl){Zi - 2:3) 
{ZZ - Zl){Zi - Z2)' 

The KZ equation may then be written 

(fc-}-2)a^i^j,j,j3j^(z,a;) = 
where the function Fj-^^^j^j^ is defined by 



{X2 - Xi){x4 - X3) 
{X3 - Xi){x4 - X2) 



P 

z 



1 



Jl J2 J3 J4 



{z,x) 



2hi 



^(^)2:)jij,j3j, = lim z2'''^X4^'^^^{<j)j^{zi,X4)(t>j3il,l)<j)j^iz,x)<j)j,{0,0)) 



(93) 



(94) 



(95) 



(96) 



(97) 



as 



Some solutions to the KZ equation are related to each other under the action of the outer automor- 
ism a. Indeed, under the map ji — > ^ ~ ji, Pj1.j2.j3.j4 may be shown to obey the same KZ equation 

(a;-z)'=-Ji-J'=-^'3-J'^z"(l-2)^F. , , . , ^ , (98) 
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a and (3 are determined through the commutation of (p^ ) with the differential operators P and Q. The 
correlators of interest here are the ones for k = —1/2 involving fields with dimension h = —1/8. Let us 
focus on the case ji — j2 = js = ji = —1/4. Relating the solution 



-F(^,a;)o,o,o,o = A' 



2 log z 



logx 



B' 



21og(l-z) 



+ log(l - x) 



(99) 



(where A' ,B' and C" are constants) to i^(z, a;)-i/4.-i/4.-i/4.-i/4, we find a ~ P = 1/4, and hence 



F(z,x)_i/4,_l/4,_l/4,_l/4 = 



X A' 



2 logz 



log a; 



B' 



^/{x - z) 
21og(l-z) 



+ log(l - x) 



C 



(100) 



Other solutions may be obtained using a symmetry under j — 1 — j. The symmetry is expressed as 

51+2^2 



Jl J2 J3 J4 



(z, x) — i^jj 



,{z,x) 



(101) 



As discussed in |39 , this equation only makes sense when 1 + 2j G Z>. However, if we consider the 
change of more than one field, we can formally combine fractional derivatives to obtain a well-defined 
operation. This is useful here since the spins are j = —1/4, so that 1 + 2j — 1/2. Thus, the application 
of this operation on two spins relates, by a simple derivative, the solution ( |100| ) to one for which two of 
the spins are now j = —3/4. 

5.1 Generating function for twist correlators 

We will postpone the discussion of logarithms to our subsequent paper , and here concentrate on the 
simplest solution deduced from (|100|): 



.1/4(1 - Z)V4(^3 _ x,)-'/'{x, - X^r'/' ( '^■'^-'^^l^'^^-'^^l ,) 

\[X3 - Xl){Xi ~ X2) J 



-1/2 



(102) 



All the prefactors left over in the study of the KZ equation have been re-installed. Our goal is to prove 
that this expression is a generating function for the four-point functions of twist correlators determined in 
Section 2, hence providing further support to our interpretation of the P"f system as an 'su{2)_i/2 theory. 
In order to be able to expand (|102|) wc choose to consider the region defined by 



Z < X, Xi < X2 < X3 < X4 



(103) 



This is also the "natural region" to consider from the point of view of using loop projective invariance to 
fix three of the Xi^s to the standard values, cf. (pTh. We may now expand the a;-dependent part of (102): 



(.3 - X,)-^/^(.4 - .2)-/^ ( 

V(a;3 - Xl)[X4 - X2) 



-1/2 



= ix2-X,)-'/'ix,-Xs)-'/'J2 



n>0 



-1/2 



{X3 - Xi){xA - X2) 

' {x2 ~ xi){xi - xa) 



= {x2Xi)~^''^ ^ (-_i)n+mi-hm2+m3+m4 ( 



71, mi ,m2 .rns ,m4>0 

-1/2-71 \ / -1/2 -n 



-1/2 
n 



mi 



m2 



n 

ma 



n 



1 2 3 



(104) 
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where we have introduced 



N2 
N3 



mi + 7713 
—mi + 7714 — n 
m2 — + n 
— 7712 ~ "^4 



A first and almost trivial observation is that 

Ni+N2+N:i + N^ = Q 



(105) 



(106) 



which simply corresponds to the conservation of momentum (and follows from global SU(2) invariance). 
The coefficient to x^^x^^ '^^'^x^^x'^'^ may now be evaluated, and using (105) we find 



^2+^3+" 



ri>0 



-1/2 

71 



r?j.>0 



-1/2 - n 
m 



-1/2 - n 
Ni + Ns-n-m 



n 

Ni — m 



No 



n 

- n - 



(107) 



One has to be careful when analyzing this double summation. The summation ranges of 77, and m must 
be cut, and one is left with a sum of several double summations. In each of them, one may express 
the summation over ttt, as a terminating 4^3 hypergeometric function with argument 1. Unfortunately, 
the hypergeometric functions are not balanced, while most known results pertain to such functions. In 
particular, the 6-j symbols are associated to balanced hypergeometric functions. 

Nevertheless, according to the twist-field approach, we should expect to be able to express (107) in 
terms of an ordinary hypergeometric function 2Fi{a, 5; c; z) with a, b, c depending on iVi, 7V2, N3. Indeed, 
we find 



X{Ni,N2,N3,Ni;z) = (-1) 



N1+N3 



-1/2 



-1/2 + TVs- 
N3 



Ni 
N1+N2 



X z^i+^^(l - z)-(^^+^3)2Fi(-2iV3, 1 + 27Vi; 1 + 2|7Vi + iV2|; z) 



+ (-1) 



Ni+Na 



-I/2 + N1 + N2 \ f N3 

Ni J\Ns + Ni 

^A^3+W4(i _ z)-^N^+N^)2Fi{-2Ni, 1 + 2iV3; 1 + 2|7V3 + ^4|; z) 



-1/2 
N3 



\Ni + N3 



-1/2 
Ni 



-1/2 
N3 



X [1- zf'''''2Fii-2N3,l + 2Ni;l;z) 
N4 has been included to emphasize the symmetry 

X(Ni,N2, Ns,Nr, z) = X(iV3, Ni, iVi, iVs; z) 

Note that 

(1 - z)^i-^^2Fi(-2iV3, 1 + 27Vi; 1; z) = (1 - z)-'^'+'^\Fi{-2Ni, 1 + 2N3; 1; z) 



(108) 
(109) 
(110) 



showing the symmetry of the final term (108). The absolute values ensure that the hypergeometric 
functions are well-defined, while the binomials split the result according to iVi + iV2 > or Ni + N2 < 0. 
The overlap iVi -I- iV2 = is taken care of by the final subtraction. 

We have verified (108) in many explicit examples, and been able to prove it analytically in several 
cases. One of those cases is the particularly interesting situation when iVi = —N2 ^ N^ = —N4: 



X{N,-N, N,-N;z) 



-1/2 
N 



-1/2 
N 



2Fi(2iV+l,-27V;l;z) 



(111) 
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Let us indicate how one may prove this result. We see that (107) reduces to 

/ N N 2N 27V-n\ 



X{N,~N, N,~N;z) 



n=0 m=N-n n=N+l m=0 I 

( -\l2-n\ f -1/2 -n 
m I \ 2N — n — m 



n 

N -m 



n 

N -m 



ri=0 
X 4F3 
2N 



N + 1/2, -N, -n, -n 

N -n + 1, -N -n+1/2, 1 ' 

-1/2 



1 



E (-1)"^" 



n=N+l 
X 4F3 



-1/2 - n 
2N -n 



n 
N 



n 
N 



n + l/2, ~N, -N, -{2N-n) 
-2N+1/2, n-N + 1, n-N+1 



(112) 



Now we use Eq. (2.4.2.3) of [|o|: 

/, 1 + f - h, h-a, d 



4F3 



h, 1 + f + a-h, g 



r(g)r(g -f-d) 

r(5 - mg - d) 



a, d, l + f-g, i/, i(l + /) 

h, 1 + f + a-h, l{l + f + d~g), l{2 + f + d~g) 



1 



(113) 



which is vahd when / or c? is a negative integer. Applying (113) to the two hypergeometric functions of 
our interest ( |112| ), the resulting ^F^ hypergeometric functions reduc e to S aalschutzian 3F2 hypergeometric 
functions. They may be summed using Saalschutz's theorem, and (111) follows straightforwardly. 

Other interest ing situations appear when one of the Ni vanishes. It is straightforward to verify 
analytically that ( 107 ) then sums to 



X{0,N2,N3,Nr,z) - (-1)^-^ 
X(iVi,0,iV3,iV4;z) = (-1)^^ 
X{Ni,N2,0,N4;z) = i-lf' 
X(iVi,7V2,iV3,0;z) = (-1)^^ 



-1/2 

-1/2 

^1 
-1/2 

-iV4 

-1/2 
N3 



-1/2 -Ni 
N3 

-1/2 + N4 
-N2 

-1/2 - N3 



z -{1-z)- 
z^'il-z)^' 



(114) 



with the arguments still subject to (|106|). 

In conclusion, we have found that the general four-point chiral block is given by 

(0-1/4(2:4, X4)cl)-1/4(Z3, X3)(l)^i/i(z2, X2)(l>-l/4{zi,Xl)) 

= iz3~z^y^\z4~z2y/'z'/\i-zy/* 

/ ^ •''1 ■''2 "^3 •'"4 \ "rii— n2+n3— "4,0 



ni ,712 ,713 ,n4>0 

-1/2 
ni 



-1/2 + 713 — "-4 



ni 
ni - n2 



X z 



'-{1 - z)"^-"^2J^i [-2713, 1 + 271i; 1 + 2|7^l - 7^2|; z] 
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-1/2 \ / -1/2 + ni -712 \f ns 
m J \ m J \ -n4 

X z"^'-"^(l - z)"^-"i2Fi(-2ni, 1 + 2713; 1 + 2|7i3 - ni\; z) 

- Sn,,n, "^/^ ) "^/^ ) (l-zr-"-^2^^i(-2773,l + 277i;l;z)| (115) 
A hitherto imphcit z-dependent prefactor has been included, and the notation has been changed according 

to iVl,iV2,7V3,A'"4 711,-772,773,-714. 

We can now compare this result with the correlators for twist fields in the (3j system, recalling the 
expansions (|7^) and (|7^). Now, suppose we insert at zi and Z3 lowest-weight representations D^^/^, and 

at Z2 and Z4 highest-weight representations D^^^^. The expansion of the correlator should then read 

X^^^^X^^^^ X! ^l''^2"'^^T^i'^^i'^Wni^~2n3Tl+2n2T-2ni) (116) 

A comparison is now straightforward. For 7ii — 772 > 0, the matching of the first term in ( |115| ) with the 
corresponding twist correlator (|T]) is obvious. For 711 — 772 < 0, we recall that our simplified prescription 
for the twist correlators involved extracting the (possible) pole from the hypergeometric function by a 
formal manipulation. This may be achieved using 

2Fi(a,6;-iV;z) cx z'^+^2Fiia + N + l,b + N + 1; N + 2: z) 

= z^+Hl- z)-''-''-^2Fii~a+l,~b+l;N + 2;z) (117) 



and a match with the second term in (115) is obtained. 

We observe that the choice of order used here ( |103| ) dictates the representations carried by the pri- 
mary fields. That merely reflects that the generating-function correlator expands on different pairings 
of representations depending on the order of its arguments. An interpretation of the expansion of the 
primary fields themselves was addressed in in the context of a Wakimoto free-field realization. There 
it was argued that the expansions depend on the numbers of screening operators associated to the various 
intertwining operators. It was referred to as adjustable monodromy, since the primary fields would ap- 
pear with different monodromy properties depending on the context. Our results here on the generating 
functions are in accordance with ||3^, The first systematic work on correlators in fractional-level 
WZW models appeared in . 



6 Fusion rules, characters and the modular invariant 

In this section, we probe the darker corners of our models in order to address the puzzles raised in the 
previous sections. Our key tool is the free-field representation. We revisit the fusion rules, the operator 
content, and the modular invariant. 



6.1 Twist fusion rules from the free-field representation 

We first return to the system and use its r]£^(f) representation to reconsider the fusion rules, in particular 
those involving the twist fields. At first, let us look at the simple fusions involving one twist field and 
one ghost field. For instance, we have 

P{z)T,iw) ^ /^'^y,, (118) 



(Z- 777)1/2 



Simple special cases are 



/3(z)to(7«) ^ -^i^^, Piz)r2iw)^ ^'^""l (119) 

(Z — W)'-''' (Z — 7(7)-^' ^ 



21 



They are of the types D_^^^ x Di^2 — -^-3/4 ^^'^ ^-3/4 ^ -^1/2 = ^-1/4^ respectively. This result is 
confirmed by computations with generic descendants. Other examples of this type lead to the rules 

D%^^xD,/2 = (120) 
^^1/4X^/2 = ^^3/4 (121) 

The Di/2 representation intertwines the two infinite-dimensional representations with j = —1/4 and 
j — —3/4. The remaining fusion involving the j = 1/2 representation, namely -D1/2 x ^^1/2 = -Do, is 
easily verified. These fusions rules agree with the last three in ( |75| ) and (79). 

Let us now consider fusions involving two twist fields. Take for instance fusions of the type D^j^y^ x 

DZi^^- The simplest case is 

ti{z)to{w) = e*<^'(-)/2e-»<^'('")/2 ^ (z ~ w)^/^ I (122) 
(where as usual / stands for the identity field). A somewhat more complicated case would be 

r3(z)r_2(w) = (: d^d^^ : e^"f'^^){z){: rjdr, : e-^"^^^)iw) - (z - w)^/^ I (123) 
More generally, we get T2m+iT-2n (J^)'"^™'/. These computations confirm the following fusion rule 

^^1/4 X ^:i/4 = Do (124) 



This result agrees with the second fusion in (75). Similar calculations confirm the first and the third cases 
in ([75]). Notice that if the Verlinde fusions ( |79| ) were blind to the specification of the representations, the 
corresponding fusions would be invalidated. 

All fusions computed so far have been of the type _D+ x (since -D1/2 can be viewed either as 
a highest- or a lowest- weight representation). Consider now fusions of the form x D^. These are 
precisely those for which the Verlinde formula is supposed to apply. The simplest case of a twist product 
of the type x is 

Toiz)Toiw) = e-^'l>{z)/2^-t4>(.w)/2 _ _ ti;)-l/4g-»0W (^25) 

It corresponds to the fusion of the "bottom" fields in D~^^^ x D^-^^^. The result, however, is not a twist 

field. In other words, there is no value of A for which e^"^ can be written in the form a'Ae*'^^^/^-''^. This 
is clear since e~*"^ has dimension —1/2 while twist fields have dimension —1/8. Moreover, its products 
with the ghost fields 

_ _ w)-\r]e-^"^)iw), j{z)e-'*^'"^ - (z - w)d^iw) (126) 

do not have the monodromy properties that characterize the twist fields. Products of generic descendants 
in -DZi/4 X -DIi/4, namely r_2n x T-2m, yield Jq descendant of e~"^. Therefore, the set of fields appearing 
in X £11^/4 is {(Jo+)"e-^'^|n £ Z>}. They all have dimension -1/2. 

Consider a sample product associated to D^^^^ x D^^^^: 

Ti{z)Ti{w) = e"^(^)/2g«0(«-)/2 _ _ w)-i/4g«0(™) (127) 

Again, e*"* is not a twist field. It is another new field, also with dimension —1/2. The various fields 
occuring in -0+^^^ x D^^^^ are {( J(7)"e*'*|n G Z>}. 

Next, consider the simplest product within DZ^^^ x DZ^^^' 

r„i(z)T_i(u;) = (?7e~3*^/2)(z)(77e-3^^/2)(y,) _ _ w)-5/4(: ^7777 : e-3''^)(w) (128) 
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The field appearing on the right hand side has dimension —3/2. It is not a new field, however, since it 
can be expressed as a descendant of one of the new fields already found. It is easily recognized as 

^ — I dz{z-w)J+{z)e-"^^'^'> 
2m J 

2iTi J 2[z ~ w) 
= \{e-^^^ : dm (129) 

This also shows that e"'"^ is not associated to an affine highest-weight state, even though it is a Virasoro 
highest weight. The su{2) descendants in £'13/4 x ^^13^4 are {{J^Y^ [J^ e~^'^)\n S Z>}. 

Finally, the structure of the product -0^3/4 x £'^3^4 is fixed by that of its top fields: 

T2{z)t2{w) = {d^e'^'*/^){z){d^e'^"^^^)iw) - (z - w)-^/^{: d^^O^ : e'^'*){w) ~ (z - wy''^^{J^ e'*){w) 

(130) 

with the descendants comprising the set {(Jg )"{Ji e^'^)\n G Z>}. 

Next we consider the two remaining products D~^^^ x D^^^^ and D^^^^ x D^^^^. Of the first kind, 
we have the fusion 

to{z)t.i{w) = e-*^/2(z)r/e-3^'^/2(^) _ _ y,yV4^e-^^^ (w) ~ (z - w)~'^^^{pie-''^)iw) (131) 

with descendants {(Jq'")"(/3i e~*"^)|ri e Z>}. Associated to the second product, we have 

ti(z)t2(w) = e**(")/2(5^g3»0/2)(^) _ _ w)-V\d^e^'*)iw) ~ (z - w)-'^/\-fie"^){w) (132) 

with descendants {(>/o~)"(7i6"^)|?T- G Z>}. 

In summary, by considering products of the form D^^^^ x D^^,^^, 1,1' = 1,3, we have found the 
following set of new fields: 



e 



-iff) 



iPie-"^), (Ji+e"*'^), and their J+ descendants 



e"^, (7ie*"P), (Jre"P), and their Jq" descendants (133) 

This provides an explicit construction of all the fields in the products D^i/^ x D^^,^^. 

Now, by taking products of twist fields with these new fields, we produce still new fields. The simplest 
case is tq x e~"^ which generates e~'^*"^/^, with dimension —9/8. Its product with tq in turn generates 
g-2i0^ with dimension —2, and so on. Proceeding in this way, we obviously get new fields at every step, 
with conformal dimensions that become more and more negative. A sample new field occuring at the 
n-th step is e^"*"^/^, of dimension —n^/8. _ 

These computations call for a description of these new fields in terms of the /37 systemEl and the 
su(2)_x/2 admissible representations. Both points are addressed in turn in the following two subsec- 
tions. We stress that these results immediately invalidate the Verlinde fusion rules in the form (|79|), and 
demonstrate the incompleteness of the Awata-Yamada fusion rules (^) . 



"We note that a possible way to get rid of this problem would be to show that the f3j system is a reduction of the r;^(/> 
system, and that there are fields in the latter that are not present in the former. This applies, in particular, to the new 
fields generated in the fusion of D^^^^ X D^^^^ as represented in the ri^(f) system. We have, however, found no indication 

that such a reduction is possible nor necessary. 
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6.2 Deeper-twist fields 

The usual twist fields r arc primary fields of the chiral algebra in the R sector. Apart from the 
vacuum, these are the only afhne primary fields in the NS sector. However, the field structure of the (3^ 
system is much richer than that. It contains composites of the twist fields, which will be called deeper 
twists. There is an infinite number of them, parameterized by a positive integer n. The deeper twists will 
be denoted t^"^. They can be defined from their monodromy property with respect to the ghost fields, 
by demanding, for instance, that the leading terms in the OPEs be: 

(3{z)t^''\w) oc 7(^)t(")(w) oc (^-w)-"/^ (134) 

In this notation, the r introduced previously would be r^^h 

To illustrate, let us discuss r'^^ in more details. We can define the Green function g^\z,w) as before, 

. . (/?(z)7Hr(^)(2)r(^)(l)) 

92 (^(2) (2)^(2) (1)) 

and find that 

fff {z, w) = z-^w-^ ^ 136 

z — w 

Prom this it follows that the dimension of r^^^ is h = —5, while its charge is Jq = —^{2A — 1). In terms 
of the system, one can represent it as 

^(2) ^ ^(2)ei(A-i)^ (137) 

(so that A= with the monodromies 

r]{z)a^^\w) ~ (z - w)-^, d^{z)a^^\w) ~ (z - w)^'^ (138) 

These fields ct^^^ have weight h = — Note that a^'^^ is not what we so far have called a twist field 

in the rj^ system because of the difference between its expansions with r] and ^. As before, the above 
relations will not always hold when A = or A = 1. 

f 2) 

It is important to realize that the deeper-twist fields are not new objects. In fact, appears 
naturally in the OPE of with itself. This can be seen most clearly if one considers 

94[z,'w) = — - — — — — (139) 

(Tl-A(4)TA(3)ri_A(2)TA(l)) 



Introducing the forms 



Ui{z) = [{z - Z,){Z - Zs)]-^[{Z - Z2){Z - Z4)]-'+^ 

^^2{W) = [{W - Zi){w - Z3)]^[{W - Z2){W - Z4)]^-^ (140) 



one finds that 



g4{z,w) = uii{z)ui2iw) 



'^ {Z - Zi){z - Z3)(w - Z2){w - Zj) 

{z — w) 



^ (1 - Z2){Z - Z4){W - Zl){w - Zs) ^ ^ 

{z — w) 



(141) 



Letting zi — > Z3 and Z2 Z4 shows the appearance of singularities {z — zi) ^'^ and (w — Z'lf''^ ^, 

f2) ('2) ('2) 

characteristics of the core of the field T^^^ The reason why the core field a)^.^ (in the c = — 2 ry^ 
system) was not noticed before, is that the twist fields that were considered had A = ^, i.e. cr[y2- The 
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point is that the case A = ^ is special, and the coupUng to the field ap"* vanishes. (It vanishes both in the 
numerator and the denominator of which is why it still appears formally in the previous equations. But 
one can check that the OPE coefficient vanishes at that point.) In the (3^ system, twist fields generically 
involve with A arbitrary, and therefore no truncation occurs. This can also be seen directly at the 
level of the four-point twist correlator. From that perspective, it is the 77^ system that appears special, 
at least as long as one restricts to rational twists, i.e., A G Q. The significance of an 77^ system with 
irrational twists remains to be explored. 

The representation ( |137D generalizes to deeper twists with n > 2: 

r(") = 4")eK^-f (142) 
The dimension of cr^"'' is ft- = — while that of rj"'' reads 

^(") = (143) 

Thus, the spectrum of the deeper twists is unbounded from below. 

Now, as one can naturally expect, the deeper twists r'^' are exactly the fields identified in the products 
D^il^ X D^^i^^ (with 1,1' = 1,3). In particular, we have Tq^^ = e~*'^, and this identification is further 
supported by the OPEs 

/3(z)e-*"^(u;) oc (z-w)-\ 7(z)e-"^(w;) oc (z - u;) (144) 



Similarly, we have = e*"^. Both expressions are indeed of the form ( |142| ) with — a\ — I. It 
should be noticed that no deeper twists rj^ for A odd are needed to close the operator algebra in the 
I3"f system. If they can actually be constructed, the simple presence of (^^1^2 ~ sector is not 

sufficient because of the zero occuring in the OPE, cf. the comment made above. To settle whether there 
is a consistent theory with a closed operator algebra containing these twists, is beyond the scope of this 
paper. 

The images of the deeper-twist fields under the zero-mode algebra are also deeper-twist fields. For 
instance, 

J^e-"^ oc {-2id(t)dr]r] + d^r]r]) e-^'"^ (145) 

The term in bracket conspires to exactly produce the same singularities in the expansion with (3 and 7 
as the initial deeper twist e"*"^. 

Twist fields deeper than r'^^^ will appear in products Tx(z)Ty\w) and more generally, in products 
t^\z)t^\w), as long as sign(A) = sign(A'). We have already identified an explicit and simple example 
of arbitrary deeper twist appearing in the repeated product of tq with itself, namely Tq"-* — e~™"^/^. 
Another simple example is ri""* = e'""^/^, which is similarly obtained from the repeated product of ti 
with itself. 

That settles the question of these new fields appearing in the fusions of the type x from the 
point of view of the system. We now have to see how these deeper twists can be described from the 
su(2) point of view. 



6.3 Spectral flow of the sm(2) 1/2 admissible representations 

At first sight, the identification of the deeper twists in terms of representations of the sm(2)_i/2 WZW 
model appears to be rather problematic. Indeed, the irreducible representations that are modular co- 
variant are precisely the admissible representations: there are only four of them and their spectrum is 
bounded from below by the value —1/8. The question of how to generate an unbounded spectrum from 
these admissible representations still has to be addressed. 
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The resolution to this problem lies in a remarkable feature of the admissible representations. Namely, 
they are not mapped onto themselves under twisting, or in the su(2) terminology, under the spectral flow. 
To see this, we first discuss the spectral fiow which is a symmetry transformation of the su(2) algebra: 

k 

Jl ^Jn- ^W6n,0, Jt = JnTw (146) 

In terms of the currents themselves, these transformations read 

^J^ - ^w, J± = J±e=F™^ (147) 
The new Sugawara stress-energy tensor isi 

f = T-wJ^ +'^w^ (148) 



or in terms of modes 



k 

L„ L„ - wJ^ + -w'^Sn^o (149) 







In the following, wc mainly need the zero-mode transformations, which (for k ~ —1/2) readi 

9 

Lo^Lo- wJ^ -—, 4 = 4 + - (150) 
The spectral fiow (with w G Z) is nothing but the action of the automorphisms ir^ , acting on operators 

as 

±1~±± 31~3^ 

With these relations, the action of tt^ can be studied at the level of the representations .0 

For integer level k, the automorphisms with w even are nothing but the inner automorphisms, related 
to affine Weyl reflections. In particular, the highest- weight state is mapped to a given state in its affine 
Weyl orbit, thus to a state that lies within the representation. Clearly, the application of 'k±2w [w > 0) 
on a affine highest-weight state (i.e., a state annihilated by all J^yo) always leads to a state that does 
not have the affine highest- weight property (although it is still a Virasoro highest weight, which is easily 



checked using ( 149 )). The remaining transformations map representations into each others. In particular. 



TT-i: 3-^^-3 (152) 

Therefore, the spectral fiow does not generate anything new when fc £ N: the integrable representations 
are simply mapped onto themselves. 

The situation is quite different for k = —1/2. To see this immediately, simply consider the fiowed 
form of the vacuum state. Its fiowed dimension (cf. ( |150D ) is —w'^/8, and this can be made as negative as 
desired. This is a neat signal that the initial admissible representations are not recovered under spectral 
flow. 



This result is easily obtained starting from the classical version of the Sugawara stress-energy tensor, T = (l/2fc)(2 
J+ J~ -|- J~ J+) which becomes, under the transformation of the currents, T = {l/2k){2J^ + J+J~ + J~ J'^) — wj^ + 
(k'^ /4)w'^ . Upon quantization, the prefactor in front of the bilinear term gets renormalized in the usual way: fc — > fc -|- 2. 

^'^From these transformations, we can easily check that in spite of the quadratic character of the Lq transformation, 
flowing successively with ui and w' is equivalent to flowing with w + w' . 

^^In terms of WZW models, the spectral flow has a simple interpretation in the classical limit. Indeed, recall that solutions 
to the equations of motion have the form g = g{z)g{z). If we put the theory on a cylinder with space period uJi, periodicity 
simply requires that g{z + wi) = g{z)M and g(z + uji) = M~^g{z), M an element of SU{2) (or 5L(2,M)). The spectral 
flow affects such a solution by multiplying it by group elements whose Euler angles are linear in z. This corresponds to the 
action of an element of the loop group which is not continuously connected to the identity. Since Tli{SU{2)) is trivial, this 
interpretation requires the model to be defined in terms of the SL{2, ]R) group symmetry. But recall that this interpretation 
is action dependent, and the existence of an action is a feature that is lost in the su{2) case at fractional level. 
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Figure 1: Diagram of the lowest-weight representation 7r_i(_Do)i and its twist 7r_2(^o)- In the latter case, 
Lq eigenvalues are not bounded from below. 



Let us consider in detail the action of 7r_i on the different admissible representations viewed as 
highest-weight representations. Let us start with the vacuum representation Dq, whose highest-weight 
state |0) satisfies 

j3|0) = 0, Jj^lO) 0, Jo"|0) = 0, J^\0) = 
These relations are transformed into 



(153) 



(j3-l/4)|^_i(0)) = 0, Jo-|7r_i(0)}=0 
Jrik_i(0)) =0, J+k_i(0))=0 

This fixes |7r_i(0)) to be a lowest-weight state with m = — j — 1/4, so that 
Proceeding in a similar way, still focusing on the highest-weight state, we find that 



(154) 



(155) 



(156) 



where the last relation indicates that the highest- weight state | — 3/4, —3/4) is mapped to the lowest- 
weight state of -D1/2: |l/2,— 1/2). Understanding the labeling ± for j = 0,1/2 in that sense, we thus 
have 

n.,{D+) ^ D^^^_^ (157) 

Similarly, we findli 
that is, 



I2> 



D- 



3/4 ■ 



(158) 
(159) 



All actions of ttw not listed above lead to representations that are not affine highest weights. An example 
is given in Figure 1 with the filled dots indicating the extremal points of the representations. 

Let us make this somewhat more concrete by considering the transformation of the admissible char- 
acters. Since the characters are defined as 



^^ — rp^ g2i7rr(Lo-c/24)g4i7r2,/o' 



(160) 



^^To further illustrate these computations, note that in the analysis of Tri{D-^^^) = D~^^^^, we find in particular that the 
simplest singular vector of D~^^, namely {Jq)^\1/2, —1/2), is sent to (jj^j)'^l — 3/4, —3/4), as it should. 
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they transform as follows under the spectral flow: 



Xj(t, e) Xj = Trc^. e2*'^^(^«-'=/24)e4"^-^ = e"*'^^"' e*'^^"' Xj(r, z - u;t/2) (161) 

Take the case w — —1. Using the transformation formulas 

6Ii(z + t/2,t) = ^e"*'^^e-*^^/■^6l4(z,r) 

02(z + t/2,t) = e-"-e-*^^/%(z,r) 

03(z + t/2,t) = e-"-e-*^^/%(z,r) 

614(z + t/2,t) = ie-*'^^e-"^/%(z,r) (162) 



Xo ^ X^i 

Xl/2 ^ X^3/4 
xli/4 ^ -Xl/2 

X^3/4 Xo (163) 

In view of ([70|), they are compatible with the results just obtained. Notice the required period 4 in these 
maps. Since the spectral flow shifts conformal weights by an increase of w by a multiple of 4 

ensures that the weights differ by integers. 

Let us now turn to fusion rules and see how the flowed representations could appear. The key step is 
the assumption poj that the fusion rules should be invariant under the full action of tTw- 

■7Tw{<j)) X TTu,' ((/)') = Trw+iu'{(t) X (j)') (164) 



and the theta-function form (|62|) of the admissible characters, we find the following transformations: 

-1/4 



and not just with respect to the action of the outer automorphism a on spins (cf. ([78|)). Applying this 
to a simple example, we find that the product Z?2i/4 with itself, for example, amounts to 

DZi/4 X ^:i/4 = ^-i(^o) X ^-i{Do) - '^-2{Do X D^) = 7r_2(^o) (165) 

The 7r_2 flowed dimension of the vacuum state being —1/2, we recover our deeper twist Tg . It is now 
viewed as the "lowest weight" of a representation that is not itself affine lowest- weight (cf. Fig 1). 

If we consider the list of novel fields that appear in products x D^, we see that we only need to 
account for the presence of e**"^, the other "new fields" being natural composites with either the ghosts 
or the mode currents. The two fields e*"* have the same conformal dimension but they differ by their Jg 
eigenvalues. It is thus clear that if one of the fields corresponds to tt-^JI), the other one is tt2{I)- More 
generally, the twist fields rg"-* and rl"-* are the flowed versions 7r±„(/).E3 

We thus conclude that those operators generated under fusions computed by the ry^^ representation 
and having increasingly negative dimensions, correspond to the spectrally flowed representations. In 



other words, our free-field computations corroborates the assumption (164). 

In light of these observations, it is natural to expect that the operator algebra only closes if all flowed 
representations are included. Since both highest- and lowest-weight representations are generated for 
j = —1/4, —3/4 by acting with tt±i on j — 0, 1/2, none of the previous interpretations of the diagonal 
modular invariant can be correct. Some fields were missing in each case. We revisit the invariant in the 
next section and show how a consistent theory can be constructed. We find that the modular invariant 
is obtained essentially by summing over the orbits of the spectral flow. 



Notice that the action of the automorphism on representations is opposite to that on the operators and hence on their 
eigenvalues. 
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6.4 The sn(2)_i/2 partition function revisited 

Let us look again at the character of an admissible highest-weight representation: 

X;(9,2/) = Tr^+g^"+i/2^y2^« y = e^"-) (166) 

We suppose that \q\ < 1 and focus on the expansion of the character in terms of the variable y. As a 



function of y, this character has poles, which means that the summed expression (166) is only defined 
in a particular region in the complex plane. In other words, the character of the spin-j representation is 
given by the function and the specification of a region of convergence. In this case, the region is given by 
the annulus 1 < \y\ < l/\q\^/^. 

Once we flow the representation, the new character converges in a region determined by the flow. 
Since the character transforms under the flow as 



xtJq^y) = /'2/'"/'x;(g,y9-'"/') (i67) 

the new region of convergence becomes (cf. ) 

< \y\ < (168) 



Despite the notation, (167) may result in a character associated to a lowest- weight representation (cf. 
@). 

Now we know that the functional form above falls back on one of our original functions, but we should 
be careful. Since the original region of convergence is mapped to a new region of convergence for the 
"flowed character" (when interpreting the character in terms of an operator or representation), we get 
the following dimension for the flowed operator: 



hj.^o = WJ--W (169) 



(where the upper index + indicates that we use m — j here). For instance, for j — —1/4, we see that 
w — 1 falls back on the identity, while w = —1 gives h = —1/2 which corresponds to 7r_2(-^)- In this way 
we see all the fields, but they are linked to particular convergence regions. In particular, the highest- 
and lowest-weight representations are all there. It is only that, say, D~-^^^^ and D'^^^^ have different 
regions of convergence. Stated differently, flowing among representations amounts to perform analytic 
continuations. 

The fact that we have to deflne convergence regions is not obvious from the original "trace point of 
view" . But since we know the result of the sum (cf. (^9|)), we see that the reason is due to the singularities 
in the summed function. The presence of these singularities is a feature particular to the fractional-level 
case. For k integer, the sum is a holomorphic character function, converging everywhere in the plane. As 
a result, performing a spectral flow does not change the region of convergence. As already mentioned, it 
is a characteristic of the integer-level case that the flowed integrable representations are all mapped back 
to integrable representations. 

Let us stress the following. Even though the set of admissible character functions (when combined 
to form the Kac-Wakimoto invariant) is invariant under the modular transformations, the physical states 
are associated with particular expansions, in well-defined regions of convergence. Hence, a character 
function is not mapped to a unique field or su(2) module. Rather, it is the decomposition on states which 
is required in the determination of the spectrum. 

Keeping this in mind, we can revisit the modular invariance. When a transformation of the form 
T ^ T + 1 is performed, character functions arc indeed mapped into each other. The associated regions 
of convergence, on the other hand, are not mapped into each other. They are mapped into the regions of 
convergence of the spectrally fiowed operators. This means that to have a full-fledged modular invariant, 
one has to include the infinite set of flowed representations. The invariant should really be interpreted 
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as a sum over all regions of convergence of all the expansion series. Thus, the partition function that 
includes all the twisted modules reads 

^ = E E \<i-'"^"y'"'\Mvq-'"")? (170) 

■wez j=o,i/2 

Since the partition functions have period four under the flow, we finally arrive at the usual functional 
form (here the superscript is included to distinguish the functions, not the representations) 

Z = E(l^o (9.^)1' + 1x^/2(9,^)1' + lx+i/4('^'2^)l' + l^-3/4(9>y)P) (171) 

V 

This sum is understood to be over all domains of convergences over which we expand the functions to get 
the characters. Thus functionally, there is an infinite constant multiplying the usual partition function. 

Now, with these comments, one should be careful when interpreting the Verlinde formula. The poten- 
tial problem linked to the fact that the modular transformations relate different regions of convergences, 
is not taken into account in the derivation of the Vcrlindc formula. Therefore, it is well established only 
for integrable representations, or equivalently, for holomorphic character functions. As we have seen in 
our case, twisted modules appear under the modular transformations, meaning that we do not flow back 
onto the original set of fields when going around cycles on the torus. This clearly indicates that the 
Verlinde formula does not apply to the su(2)_i/2 WZW model (and nor to more general fractional-level 
WZW models). The previous belief that the four admissible fields close under fusion is incorrect, even 
though it is naively (but only naively) supported by the Verlinde formula. 

7 Conclusion 

The main conclusion of our study is that the sm(2)_i/2 model defined algebraically a la Kac and Wakimoto 
|l7|] , and the (3^ system with a standard choice of normal ordering in the R sector (i.e., the ground state 
is annihilated by one of the ghost zero modes), are not rational CFTs in the conventional senscEJ In both 
formulations of this c = — 1 model, the spectra contain operators of arbitrarily large negative dimensions 
which are not primary fields with respect to the chiral algebra (either (3^ or sm(2)_i/2)- On the WZW 
side, a formal, yet meaningful theory, can be obtained by extending the basic set of admissible fields to 
include their orbits under the spectral fiow. Viewed from the [3^ perspective, this amounts to taking into 
account an infinite number of deeper twists. We stress that without these extensions, the theories are not 
consistent. This can be seen either at the level of the fusion rules, which otherwise do not close, or at the 
level of the modular invariant, since modular transformations map characters to their flowed versions. 

Let us re-phrase this conclusion somewhat in order to settle some loose points in our initial discussion 
of the (3^ system in Section 2.1. As pointed out there, the [3^ system with the usual highest-weight 
conditions (^) is plagued with divergences because the functional integral cannot be properly defined. 
Naive analytic continuation leads to a partition function which is essentially the inverse of det A. A 
better procedure is to define the model in terms of the associated su(2) CFT. We have seen, however, 
that this WZW model has a rich operator content. Its spectrum extends infinitely beyond the simple 
set of admissible representations, by including all their images under the spectral flow. Nevertheless, 
there is a way to deflne characters of the flowed representations using analytic continuation such that the 
partition function of the complicated theory with no ground state, coincides formally with 1/det A in 
the vicinity of z = 0. The naive result is thereby put into context. Ultimately, the original singularity at 
z = appears as one copy of an inflnite number of singularities, and the positions of these singularities 
determine regions of convergence in the complex plane that are associated to the characters of the various 
deeper twists. We thus see that, roughly, the original singularity hides two types of interrelated infinities: 
the infinite degeneracy of the twist fields (which are distinguished by their u(l) charges), and the infinite 
number of deeper twists (each of which being degenerate). The spectrum is unbounded from below. 

^*In the terminology of |44| , these are quasi-rational CFTs in that there is an infinite but countable number of characters 
in the partition function, wnile only a finite number of fields appear in any given fusion. 
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It should be clear that the choice of the highest-weight conditions (|lj) is not essential, since the alter- 
native conditions (11) are recovered by flowing (cf. the analysis of Section 6.3 where representations 



are mapped into each others by the action of tt±i). Note, however, that the flow cannot generate a Pj 
vacuum that is not annihilated by any of the ghost zero modes. Such a vacuum would lead to represen- 
tations that are neither highest nor lowest weight. They would extend infinitely in both directions (and 
are called continuous representations). 

A particularity of those /37 twist fields that have been found to be organized in infinite-dimensional 
su(2)_i/2 representations, is that they live entirely in the free-fermionic sector of the c = —2 component. 
In other words, they do not involve those twists of the 771^ sector which have no fcrmionic description. 
This allows the theory to avoid, at least in this version, the logarithmic extensions found in c = —2 CFT. 
Clearly, it is possible to introduce operators going beyond the model we have studied. The symplectic 
fcrmions provide an example, where the extension amounts to including two fermionic zero modes. Pre- 
liminary results show the presence of logarithms in that case. This will be the subject of our forthcoming 
paper 

We stress that the c = —1 model, independently of its physical applications, is a particularly good 
laboratory because it admits a faithful free-field representation.EJ It allows us to study general properties 
of non-unitary WZW models in a very controlled way. Note, however, that if we measure the complexity 
of a non-unitary WZW model by the number of its admissible representations, the su(2)_i/2 model is not 
the simplest one. Indeed, it has four admissible representations, while the model with the least possible 
numbep_pf admissible representations is su(2)_4/3, with three (the vacuum and two fields of dimension 
— l/3).E£l This latter model has central charge c — —6, and has been studied extensively in |20j. There it is 
indicated that logarithms (originating from indecomposable su{2) representations) may be unavoidable. 
This may not be a generic feature of fractional- level models, as our analysis has shown. It is still an 
open question, though, to understand the origin of the logarithms in the sm(2)_4/3 WZW model, as it is 
presented in |20[] , and to understand the differences from the su(2)_4/2 model described here and in ||2l|] 
(for its logarithmic lift). 

It should be clear that our main conclusion concerning the non-rational character of the WZW models 
at fractional level, is independent of the specific value of k studied. Although the presence of an unbounded 
negative spectrum can be traced back to the sign of k (cf. the expression for the flowed dimension of the 
vacuum), the non-analytic property of the admissible characters is a generic feature. 

The presence of a spectrum of dimensions which is unbounded from below casts doubts about proposals 
to use (3 J systems in the CFT description of fixed points in disordered electronic systems [Q. On the 
other hand, we have seen that some objects like the partition function of the f3j system are, in a formal 
sense, insensitive to the unboundedness of the spectrum. It is thus plausible that, at the same level of 
formality, useful physical quantities can be calculated using such CFT methods. A somewhat related 
situation occured in the study of the U{1, 1) WZW model and the Alexander polynomial |4^. We feel, 
however, that considerable care has to be exercised when employing these CFT techniques. 

ACKNOWLEDGMENTS 

FL, PM and HS would like to thank IPAM for its hospitality during the Fall workshop CFT 2001 where 
this work was initiated. The work of FL and PM is supported by NSERC, that of JR by a CRM-ISM 
Postdoctoral Fellowship, and that of HS by the DOE and the NSF. 



References 



^In that vein, notice that the representation ( |84[ ) can be viewed as a non- unitary parafermionic description of the 
su{2)f^/u{l) coset, where the negative sign of the level is absorbed in a re-definition of the boson metric. Here the dimension 
of the basic parafermion s (r epresented by : dr]r} : and : d'^^d^ :) is thus 3, and the parafermionic algebra is bound to reduce 
to the triplet algebra of 

^^Note that both models are associated to a Virasoro c(l,p) model up to a u(l) factor (with p = 1, 2, respectively) - one 
of the lowest-dimensional fields in each case being associated to 01, p. 



31 



C. Mudry, C. Chamon and X.G. Wen, Nucl. Phys. B 466 (1996) 383. 
M.R. Zirnbauer, J. Math. Phys. 37 (1996) 4986. 



D. Bernard, Conformal field theory applied to 2D disordered systems: an introduction, hep- 



th/9509137 , in "Low-dimensional apphcations of quantum field theory", edited by L. Baulieu, V. 



Kazakov, M. Picco and P. Windey, Plenum Press, New York (1997), pp. 19-61. 
S. Guruswamy, A. Leclair and A.W.W. Ludwig, Nucl. Phys. B 583 (2000) 475. 
M. Bhaseen, J.S. Caux, I. Kogan and A. Tsvelik, Nucl. Phys. B 618 (2001) 465. 
H. Saleur and B. Wehefritz-Kaufmann, Nucl. Phys. B 628 (2002) 407. 



K. Gawedzki, Non-compact WZW conformal field theories, hep-th/9110076. 
J. Teschner, Class. Quant. Grav. 18 (2001) R153. 

J. Maldacena and H. Ooguri, J. Math. Phys. 42 (2001) 2929; Phys. Rev. D 65 (2002) 106006; J. 
Maldacena, H. Ooguri and J. Son, J. Math. Phys. 42 (2001) 2961. 

L. Rozansky and H. Saleur, Nucl. Phys. B 376 (1992) 461. 

V. Gurarie, Nucl. Phys. B 410 (1993) 535. 



M. Flohr, Bits and pieces in logarithmic conformal field theory, hep-th/0111228 . 

M.R. Gaberdiel, An algebraic approach to logarithmic conformal field theory, tiep-th/0111260 . 

N. Read and H. Saleur, Nucl. Phys. B 613 (2001) 409. 

P. Goddard, D. Olive and G. Waterson, Commun. Math. Phys. 112 (1987) 591. 
S. Guruswamy and A.W.W. Ludwig, Nucl. Phys. B 519 (1998) 661. 

V.G. Kac and M. Wakimoto, Proc. Nat. Acad. Sci. USA 85 (1988) 4956; Adv. Ser. Math. Phys. 7 
(World Scientific, 1988) 138. 

H. Awata and Y. Yamada, Mod. Phys. Lett. A 7 (1992) 1185. 

S. Lu, Phys. Lett. B 218 (1989) 46. 

M.R. Gaberdiel, Nucl. Phys. B 618 (2001) 407. 

F. Lesage, P. Mathieu, J. Rasmussen and H. Saleur, Logarithmic lifts of the sm(2)_i/2 model (tenta- 
tive), in preparation. 

H. Saleur Nucl. Phys. B 382 (1992) 486. 

H.G. Kausch, Curiosities at c = —2, hcp-th/951014g| . 



D. Friedan, E. Martinec and S. Shenker, Nucl. Phys. B 271 (1986) 93. 
L.J. Dixon, M.E. Peshkin and J. Lykken, Nucl. Phys. B 325 (1989) 329. 

P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field theory (Springer Verlag, 1997). 

A.B. Zamolodchikov and A.B. Zamolodchikov, Sov. Sci. Rev. A Phys. 10 (1989) 269. 

W. Eholzer, M. Flohr, A. Honecker, R. Hiibcl, W. Nahm and R. Varnhagen, Nucl. Phys. B 383 
(1992) 249. 



32 



F. Malikov, B. Feigin and D.B. Fuchs, Funct. Anal. Appl. 20 (1986) 103. 



S. Ramgoolam, New modular Hopf algebras related to rational k sl{2), bep-th/9301121 



C. Imbimbo, New modular representations and fusion algebras from quantized SL{2,M.) Che 



Simons theory, [iep-th/9301031 



A. B. Zamolodchikov and V.A. Fateev, Sov. J. Nucl. Phys. 43 (1986) 657. 
D. Bernard and G. Felder, Commun. Math. Phys. 127 (1990) 145. 

C. Dong, H. Li and G. Mason, Commun. Math. Phys. 184 (1997) 65. 

B. Feigin and F. Mahkov, Lett. Math. Phys. 31 (1994) 315. 

J.L. Petersen, J. Rasmussen and M. Yu, Nucl. Phys. B 457 (1995) 309; Nucl. Phys. B 481 (1996) 577; 
J. Rasmussen, Applications of free fields in 2D current algebra, Ph.D. thesis (Niels Bohr Institute, 
1996), |hep-th/9610l"6^ . 



P. Mathieu and M.A. Walton, Prog. Theor. Phys. (supplement) No. 102 (1990) 229; LG. Koh and 
P. Sorba, Phys. Lett. B 215 (1988) 723. 

P. Mathieu, J. Rasmussen and M.A. Walton, Nucl. Phys. B 595 (2001) 587. 

A. Nichols and S. Sanjay, Nucl. Phys. B 597 (2001) 633. 

L.C. Slater, Generalized Hypergeometric Functions (Cambridge University Press, 1966). 
P. Furlan, A.Ch. Ganchev and V.B. Petkova, Nucl. Phys. B 491 (1997) 635. 

P. Furlan, A.Ch. Ganchev, R. Paunov and V.B. Petkova, Phys. Lett. B 267 (1991) 63; Nucl. Phys. 
B 394 (1993) 665. 

B. L. Feigin, A.M. Semikhatov, V.A. Sirota and I.Yu. Tipunin, Nucl. Phys. B 536 (1998) 617. 

G. Moore and N. Seiberg, Nucl. Phys. B 313 (1989) 16. 

H. G. Kausch, Phys. Lett. B 259 (1991) 448. 

D. Bernard and A. Leclair, Nucl. Phys. B 628 (2002) 442. 
L. Rozansky and H. Saleur, Nucl. Phys. B 389 (1993) 365. 



33 



